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Motivated by the importance of effect of nonzero graviton mass on the structure of white dwarfs
and the possibility of massive white dwarfs more than the Chandrasekhar limit (1.44M⊙, in which
M⊙ is mass of the sun), we study white dwarfs in massive gravity. First, we consider the modified
TOV equation in massive gravity and solve this equation numerically using the famous Chan-
drasekhar’s equation of state. Our results show that the maximum mass of white dwarfs in massive
gravity can be more than the Chandrasekhar limit (M > 1.44M⊙), and this result imposes some
constraints on parameters of massive gravity. In other words, for having massive white dwarfs the
value of C has to be more that 0.1m (C > 0.1m). In this regards, the sign of c2 will be negative
and the value of it put in the range m2c2 < −1 × 10
−2
m
−2. Also, the sign of c1 can be positive
or negative and different values of this parameter dose not affect on the structure of white dwarfs.
Then, we investigate the effects of parameters of massive gravity on other properties of white dwarfs
such as mass-radius relation, mass-central density relation, Schwarzschild radius and compactness.
Finally, we study the dynamical stability condition for white dwarfs in this gravity and show that
these stars have dynamical stability.
I. INTRODUCTION
General relativity (GR) is a successful theory of gravity in which gravitons are massless spin-2. GR predicted
some phenomena such as the right amount of gravitational deflection of light around gravitational source, which
was confirmed by Arthur Eddington. Nowadays the direct application of this in form of gravitational lensing is
one of the indispensable tools in astrophysics and cosmology. Another powerful prediction of GR is the presence
of gravitational waves, which was detected by the advanced LIGO/Virgo [1] collaboration. On the other hand, GR
can not describe that why our universe is undergoing an accelerated cosmic expansion. Therefore, GR without the
cosmological constant term needs to be modified. Among these modified gravity theories, massive gravity can explain
the late-time acceleration without adding dark energy [2–5]. In order to build up a massive theory with a massive
spin-2 particle propagation, one can add an interaction term to the Einstein-Hilbert action. In addition, Chamseddine
and Volkov found that the effect of the graviton mass was equivalent to introducing to the Einstein equations a matter
source that can consist of several different matter types; a cosmological term, quintessence, gas of cosmic strings, and
non-relativistic cold matter [3]. Massive gravity modifies gravity by weakening it at the large scale compared with GR
which allows the universe to accelerate, but its predictions at small scales are the same as GR. On the other hand,
massive gravity will result into graviton having a mass of m which in case of m → 0, the effect of massive gravity is
vanished and this theory reduces to GR. In addition, it was shown that mass of graviton is very small in the usual
weak gravity environments, but becomes much larger in the strong gravity regime such as; black holes and compact
objects [6]. Accordingly, there were numerous developments in the massive gravity theories in recent years [7–12].
Fierz and Pauli in 1939 introduced a class of massive gravity theory in flat background [7]. In other words, Fierz
and Pauli added the interaction terms at the linearized level of GR, this theory is called Fierz and Pauli massive (FP
massive) gravity. Then van Dam, Veltman and Zakharov found out that FP massive theory suffers from discontinuity
called van Dam-Veltman-Zakharov (vDVZ) discontinuity [8–10]. In order to remove vDVZ discontinuity, Vainshtein
found that the origin of this problem is related to this fact that the prediction made by the linearized theory cannot
be trusted inside some characteristic Vainshtein’s radius, hence Vainshtein proposed the mechanism for the nonlinear
massive gravity which can be used to recover the predictions made by GR [11]. On the other hand, Boulware and
Deser in ref. [12], explored that such nonlinear generalizations usually generate an equation of motion which has a
higher derivative term yielding a ghost instability in the theory, so called Boulware-Deser (BD) ghost. However, these
problems, arising in the construction of the massive gravity have been resolved in the last decade by first introducing
Stu¨ckelberg fields [13]. This permits a class of potential energies depending on the gravitational metric and an internal
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2Minkowski metric (reference metric). In refs. [14, 15], de Rham, Gabadadze and Tolley (dRGT) introduced a new
version of massive gravity which was free of vDVZ discontinuity and BD ghost [16] in arbitrarily dimensions. Although
the equations of motion have no higher derivative term in the dRGT massive gravity, finding exact solutions in this
theory of gravity is difficult. However, Black hole solutions in dRGT massive gravity have been obtained by some
authors in refs. [17–20]. In the astrophysics context, Katsuragawa et al. evaluated the obtained neutron stars in this
theory and showed that the massive gravity leads to small deviation from the GR [21]. Mass-radius ration bounds
for compact objects in this gravity have been obtained in ref. [22]. From cosmological point of view, bounce and
cyclic cosmology [23], cosmological behavior [24], and another properties have been studied in refs. [25–27]. On
the other hand, the constraints imposed by the Type Ia Supernovae (SNIa), Gamma Ray Burts (GRBs), Baryon
Acoustic Oscillations (BAOs), Cosmic Microwave Background Radiation (CMBR) on the massive gravity have been
investigated in refs. [28, 29]. Panpanich and Burikham in ref. [30], evaluated the effects of nonzero graviton mass of
the rotation curves of the Milky Way, spiral galaxies and Low Surface Brightness galaxies. They found that rotation
curves of the most galaxies can be fitted well by considering the graviton mass in the range m ∼ 10−21 − 10−30eV .
Also, Aoki and Mukohyama in ref. [31], studied graviton mass as a candidate for dark matter. Indeed, they showed
that if LIGO detects gravitational waves generated by the preheating after inflation then the massive graviton with
the mass of ∼ 0.01GeV is a candidate of the dark matter. Cosmological perturbations in massive gravity have been
studied in refs. [32–36], and obtained some constraints on parameters of this theory by considering observational
cosmological data. On the other hand, Chamseddine and Mukhanov in ref. [37], introduced a theory of ghost-free
massive gravity in which the mass of the graviton was generated through the Brout-Englert-Higgs mechanism and
one of the four scalar fields used is that of mimetic gravity. The mass term was not of the type of FP massive
theory and the constraint eliminates the BD ghost which was absent to all orders. Using the methods of cosmological
perturbation theory and considered quantum fluctuations of the degrees of freedom of massive graviton and mimetic
matter, they indicated that for three of the degrees of freedom of the graviton of mass m, the nonlinear corrections
became comparable to the linear terms already at a length scale of order m−1/2. Therefore, at smaller scales they
became strongly coupled and the graviton remains with two transverse degrees of freedom where got strongly coupled
only at Planck scale. Hence, the mimetic field behaved as cold particles of half of the graviton mass and could well
describe the source of dark matter in our universe (see ref. [37], for more details).
It is notable that, modification in the introduced reference metric in dRGT theory leads to the possibility of
introduction of different classes of dRGT like massive theories [38]. One of theories proposed by Vegh which has
applications in gauge/gravity duality [39]. Indeed this theory is similar to dRGT massive gravity with a difference
that its reference metric is a singular one. Graviton in this massive gravity may behave like a lattice and exhibits
a Drude peak [39]. It was shown that for arbitrary singular metric, this theory of massive gravity is ghost-free and
stable [40]. Black hole solutions in this gravity have been obtained in refs. [41, 42]. The existence of van der Waals
like behavior in extended phase space for the obtained black holes in this massive gravity have been studied in refs.
[43–46]. It was pointed out that it is possible to have a heat engine for non-spherical black holes in massive gravity
[47]. In addition, magnetic solutions of such theory have been addressed in refs. [48, 49]. From the perspective of
astrophysical, the modified TOV equation by considering this theory of massive gravity was obtained in ref. [50], and
it was shown that the maximum mass of neutron stars can be about 3.8M⊙. A black hole solution in this theory of
massive gravity have been obtained in ref. [51], and found that the end state of Hawking evaporation led to black hole
remnant, which could serve as a dark matter candidate, and could also help to ameliorate the information paradox.
As we know, the massive graviton leads to the modification of long-range gravitational force. Therefore, one
may expect that the mass of graviton could be comparable to the cosmological constant, which could illustrate the
accelerated expansion of the Universe without introducing the cosmological constant (see refs. [4, 52–55], for more
details). It is very interesting to apply the dRGT theory of gravity to astrophysical phenomena and also for explain
the accelerated expansion of the Universe. It is notable that, construction the general framework which quantifies the
deviations from the predictions of the GR in strong-gravity regime is very difficult(see ref. [56], for more details). In
addition, it is very important that if we could conclude that cosmological and astrophysical applications are compatible
with observations in a specific theory of modified gravity. According to the above reasons, it is necessary to study the
compact objects in the dRGT massive gravity as astrophysical test of the massive gravity in strong-gravity regime.
On the other hand, in recent years, some peculiar super-luminous SNIa are of particular interest [57–60], it has
been suggested that the progenitor mass to explain such a supernovae lie in the range 2.1 − 2.8M⊙ [61, 62], which
exceeds significantly the Chandrasekhar mass limit 1.44M⊙. Initially, the authors explain such over luminous SNIa
by proposing the existence of super strong uniform magnetic fields to generate a super-Chandrasekhar white dwarf,
and get the new mass limit of white dwarfs as 2.58M⊙ [63], however, it suffers several severe stability issues [64], such
as neutronization induced by inverse beta decay [65] and dynamical instability [66]. As a result, the models to explain
the peculiar SNIa include rotation white dwarfs [67], electrical charge distribution white dwarfs [68] and modification
to GR in white dwarfs [69, 70] appeared. In this work, we are going to investigate the influence of the massive gravity
on the properties and stability of white dwarfs.
3The article is organized as follows: after a introduction, we will present the modified TOV in massive gravity. In
Sec. III, we reintroduce the Chandrasekhar’s equation of state. Then, we investigate the properties of white dwarfs in
massive gravity such as Schwarzschild radius, compactness and dynamical stability. Some closing remarks are given
in the last section.
II. BASIC EQUATIONS
The action of massive gravity is given by [39]
I = 1
2κ
∫
d4x
√−g
[
R+m2
4∑
i
ciUi(g, f)
]
+ Imatter , (1)
where R and m are the Ricci scalar and the mass of graviton. κ = 8piGc4 , and also f and g are a fixed symmetric tensor
and metric tensor, respectively. In addition, ci’s are constants and Ui’s are symmetric polynomials of the eigenvalues
of the 4× 4 matrix Kµν =
√
gµαfαν (for 4-dimensional spacetime) where they can be written in the following forms
U1 = [K] , U2 = [K]2 −
[K2] ,
U3 = [K]3 − 3 [K]
[K2]+ 2 [K3] ,
U4 = [K]4 − 6
[K2] [K]2 + 8 [K3] [K] + 3 [K2]2 − 6 [K4] .
By variation of Eq. (1) with respect to the metric tensor gνµ, the equation of motion for massive gravity can be
written as
Gνµ +m
2χυµ =
8piG
c4
T νµ , (2)
where G is the gravitational constant, and also, Gνµ and c are the Einstein tensor and the speed of light in vacuum,
respectively. T νµ denotes the energy-momentum tensor which comes from the variation of Imatter and χµν is the
massive term with the following explicit form
χµν = −c1
2
(U1gµν −Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν)
−c3
2
(U3gµν − 3U2Kµν + 6U1K2µν − 6K3µν)
−c4
2
(U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν) . (3)
Considering a spherical symmetric space-time in 4-dimensional as
gµν = H(r)dt
2 − dr
2
S(r)
− r2 (dθ2 + sin2 θdϕ2) , (4)
where H(r) and S(r) are unknown metric functions. The reference metric is given [41, 42]
fµν = diag(0, 0, C
2r2, C2r2 sin2 θ), (5)
in which C is a positive constant. Considering the white dwarf as a perfect fluid with the following energy-momentum
tensor as
T µν =
(
c2ρ+ P
)
UµUν − Pgµν , (6)
where P and ρ are the pressure and density of the fluid which are measured by the local observer, respectively, and
Uµ is the fluid four-velocity. The metric function S(r) has been extracted in the following form [50]
S(r) = 1−m2C
(c1r
2
+ c2C
)
− 2GM(r)
c2r
, (7)
in which M(r) =
∫
4pir2ρ(r)dr. The modified TOV equation in massive gravity has been obtained as [50]
dP
dr
=
G(c2M(r) + 4pir3P )− m2r2c1c4C
4(
m2c1c2r2C
2
+ 2GM(r) + c2r (m2c2C2 − 1)
)
c2r
(
c2ρ+ P
)
. (8)
Considering the obtained modified TOV equation, we want to investigate the properties of white dwarfs in massive
gravity in the next section.
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FIG. 1: Chandrasekhar’s equation of state.
III. EQUATION OF STATE
We use the Chandrasekhar’s equation of state (EoS), which are constituted from electron degenerate matter,
kF = ~(3pi
2ρ/(mpµe))
1/3 (9)
and
P =
8pic
3(2pi~)3
∫ kF
0
k2
(k2 +m2ec
2)1/2
k2dk, (10)
where k is the momentum of electrons. mp is the mass of proton. µe is the mean molecular weight per electron (we
choose µe = 2 for our work). ~ = h/2pi, where h is the Plank’s constant. The Chandrasekhar’s EoS of the electron
degenerate matter was shown in Fig. 1.
IV. PROPERTIES OF WHITE DWARFS
Using the famous Chandrasekhar limit, the mass limit of the white dwarf is obtained about 1.44M⊙. On the
other hand, the explosion of peculiar SNIa provokes us to rethink the maximum mass of white dwarfs. Hence, the
maximum mass of white dwarf is still an open question. Here, we would like to see whether the maximum mass of
white dwarf in massive gravity and by employing the Chandrasekhar’s EoS can be more than this limit (1.44M⊙).
Then we want to study the effects of massive’s parameter on properties of the white dwarfs such as; Schwarzschild
radius, compactness and dynamical stability. It is notable that in this paper, we consider the mass of graviton as
10−32eV/c2 = 1.78 × 10−65 g, which was extracted in ref. [71]. Our results indicate that by considering the special
values for the parameters of massive gravity, the maximum mass of white dwarf is an increasing (decreasing) function
of C (m2c2), see tables I and II. Our calculations show that the maximum mass of white dwarf in massive gravity
can be more than Chandrasekhar limit (MMax > 1.44M⊙). In other words, our results predict that the mass of
white dwarfs in this gravity can be in the range upper than 3M⊙. Also, considering the values of m
2c2 ≥ −10−3 and
C ≤ 10−2, the maximum mass and radius of white dwarfs reduce to the obtained results of GR. It is notable that the
variation of m2c1 has very interesting effect. In this case, by variation m
2c1, the maximum mass and radius of white
dwarfs are constant (see the table III).
In order to do more investigation, we plot the mass of white dwarf versus the central mass density (M − ρc) in
left panels of Figs. 2 and 3. These figures show that, the maximum mass of white dwarfs increases as m2c2 and C
decreases and increases, respectively. In addition, the variation of maximum mass versus radius (M−R) is also shown
in right panels of Figs. 2 and 3.
5TABLE I: Structure properties of white dwarf in massive gravity for C = 1(m) and m2c1 = 1× 10
−11(m−2).
m
2
c2(m
−2) Mmax(M⊙) R(km) RSch(km) σ(10
−2)
−1× 10−4 1.41 871 4.17 0.48
−1× 10−3 1.41 871 4.17 0.48
−1× 10−2 1.43 875 4.19 0.48
−1× 10−1 1.63 913 4.37 0.48
−2× 10−1 1.86 954 4.57 0.48
−4× 10−1 2.34 1030 4.93 0.48
−6× 10−1 2.86 1101 5.27 0.48
−8× 10−1 3.41 1168 5.59 0.48
TABLE II: Structure properties of white dwarf in massive gravity for m2c1 = 10
−11(m−2) and m2c2 = −2× 10
−1(m−2).
C(m) Mmax(M⊙) R(km) RSch(km) σ(10
−2)
0.01 1.41 870 4.17 0.48
0.1 1.42 871 4.17 0.48
0.5 1.52 892 4.27 0.48
1.0 1.86 954 4.57 0.48
1.5 2.46 1048 5.02 0.48
2.0 3.41 1168 5.59 0.48
Our calculations show that by considering fixed values for C and m2c1, in constant radius (for example R =
5× 103km), by decreasing m2c2, the mass of white dwarfs increase (see right panel in Fig. 2). Also, there is the same
behavior for C (see right panel in Fig. 3). In other words, in R =constant, by varying the parameters of massive
gravity, the mass of white dwarfs change. This result shows that the density of white dwarf depends on the parameters
of this theory of gravity, so that it increases when the mass of white dwarf increases.
For completeness, in the following, we investigate other properties of white dwarf in massive gravity such as the
Schwarzschild radius, compactness and dynamical stability.
A. modified Schwarzschild Radius
The Schwarzschild radius for this gravity is obtained as [50]
RSch =
c
(
1−m2c2C2
)
m2cc1C
−
√
c2 (m2c2C2 − 1)2 − 4m2c1CGM
m2cc1C
. (11)
The Schwarzschild radius of white dwarfs are obtained in tables I and II. These results show that by increasing
TABLE III: Structure properties of white dwarf in massive gravity for C = 1(m) and m2c2 = −2× 10
−1(m−2).
m
2
c1(m
−2) Mmax(M⊙) R(km) RSch(km) σ(10
−2)
1× 10−13 1.86 953 4.56 0.48
1× 10−12 1.86 953 4.56 0.48
1× 10−11 1.86 954 4.57 0.48
1× 10−10 1.86 956 4.58 0.48
−1× 10−13 1.86 953 4.56 0.48
−1× 10−12 1.86 953 4.56 0.48
−1× 10−11 1.86 953 4.56 0.48
−1× 10−10 1.85 950 4.55 0.48
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FIG. 2: Gravitational mass versus central density(radius) for C = 1 and m2c1 = 1 × 10
−11. Left diagrams: gravitational
mass versus central mass density for m2c2 = −1.0× 10
−1 (solid line), m2c2 = −2.0 × 10
−1 (dotted line), m2c2 = −3.0 × 10
−1
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−1 (dashed-dotted-dotted line).
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FIG. 3: Gravitational mass versus central density (radius) for m2c1 = 1 × 10
−11 and m2c2 = −1 × 10
−1. Left diagrams:
gravitational mass versus central mass density for C = 1.0 (solid line), C = 1.5 (dotted line), C = 2.0 (dashed line), C = 2.3
(dashed-dotted line) and C = 2.5 (dashed-dotted-dotted line). Right diagrams: gravitational mass versus radius for C = 1.0
(solid line), C = 1.5 (dotted line), C = 2.0 (dashed line), C = 2.3 (dashed-dotted line) and C = 2.5 (dashed-dotted-dotted
line).
the maximum mass and radius of white dwarfs, the Schwarzschild radius increases and the obtained white dwarfs in
massive gravity with mass more than the Chandrasekhar limit are out of the Schwarzschild radius (see tables I and
II). In other words, different parameters of massive gravity have different behavior on the Schwarzschild radius. For
example, by considering the negative value of m2c2 and increasing it, the Schwarzschild radius increases (see table I).
Also, by increasing C, the Schwarzschild radius increases (see table II). On the other hand, by considering the positive
(negative) values of m2c1 and increasing (decreasing) m
2c1, the Schwarzschild radius does not change (see table III).
B. Compactness
The compactness of a spherical object may be defined as
σ =
RSch
R
, (12)
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where it may be indicated as the strength of gravity. Here, we want to investigate the effects of parameters of
massive gravity on the compactness. So, we obtain the values of σ in the tables I, II and III. Our results show that,
by considering different values of parameters of massive gravity, the strength of gravity of white dwarfs from the
perspective of a distant observer are constant.
C. Dynamical Stability
Another important quantity is related to the dynamical stability of white dwarfs in massive gravity. Chandrasekhar
introduced the dynamical stability of stellar model against the infinitesimal radial adiabatic perturbation in ref. [72].
Some authors developed this stability condition and applied it to astrophysical cases in refs. [73–76]. The adiabatic
index (γ) is defined in the following form
γ =
ρc2 + P
c2P
dP
dρ
. (13)
We will encounter with the dynamical stability when γ is more than 4/3 (γ > 4/3 = 1.33) everywhere within the
obtained white dwarfs. So, we plot two diagrams related to γ versus radius for different values of m2c2 and C in Fig.
4. Our results show that, the white dwarfs are stable against the radial adiabatic infinitesimal perturbations.
Here, we want to evaluate the behavior of density and pressure versus distance from the center of white dwarfs.
For this goal, we plot them in Figs. 5 and 6. As one can see, the density and the pressure are maximum at the center
and they decrease monotonically towards the boundary. These figures show that, in constant radius (for example
r = 4× 103km), by increasing C (or decreasing m2c2), the density and the pressure increase.
V. CLOSING REMARKS
In this paper, we investigated the effects of nonzero graviton mass on the structure of white dwarfs. We employed
the most important and the simplest EoS called Chandrasekhar’s EoS and considered the modified TOV equation
in the presence nonzero graviton mass. Our results showed that the maximum mass of white dwarfs can be more
than Chandrasekhar limit (MMax > 1.44M⊙). Then, we studied other interesting properties of white dwarfs such as
Schwarzschild radius, compactness due to the existence nonzero graviton mass. Next, we evaluated the dynamical
stability in order to have physical white dwarfs. For having massive white dwarfs, we obtained some constraints on
the parameters of massive gravity. Indeed, our results showed that the value of C has to be more than 0.1(C > 0.1m).
The sign of c2 was negative with the range m
2c2 < −1 × 10−2m−2. In addition, the sign of c1 could be positive or
negative, so that different values of this parameter did not affect the structure of white dwarfs (see table III).
Briefly, we obtained the quite interesting results from massive gravity for the white dwarfs such as;
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I) Prediction of maximum mass for white dwarfs more than the Chandrasekhar limit (M > 1.44M⊙), due to
the existence of nonzero graviton mass. In other words, super-Chandrasekhar white dwarfs in massive gravity were
acceptable.
II) The massive white dwarfs in massive gravity had dynamically stable.
III) Considering different values of parameters of massive gravity, the strength of gravity from the perspective of a
distant observer of the white dwarf was constant.
IV) Density inside of white dwarfs increased due to increasing the mass of white dwarf, which was one of the effects
of massive gravity.
V) Massive white dwarfs imposed some constraints on parameters of this theory.
Finally, it is notable that rotating, slowly rotating and magnetized white dwarfs [77–85] in the context of massive
gravity are interesting topics. In addition, it will be very interesting if we use another realistic equation of state in
order to have a good view of the behavior of white dwarfs in massive gravity. We leave these issues for future works.
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